
0 Review of ODE

This first section will serve as a quick review of the pertinent material from Math 266: Introduction

to Ordinary Differential Equations, which will be of significant importance for the rest of the course.
More material will be reviewed as the course progresses. I start with a motivation why differential
equations are useful for describing biological processes.

0.1 The first encounter with the Malthus equation

One of the many possible mathematical tools to model biological processes is the ordinary differential
equations (which I will abbreviate as ODE). Here is a basic example how an ODE can appear in a
biologically motivated problem. Consider a very simple biological process of a population growth.
Let N(t) denote the number of individuals in a given population (for concreteness you can think of
a population of bacteria) at the time moment t. In this course the variable t will almost exclusively
denote time. Now I calculate how the population number changes during a short time interval h. I
have

N(t+ h) = N(t) + bhN(t)− dhN(t).

Here I used the fact that the total population at the moment t+h can be found as the total population
at the moment t plus the number of individuals born during time period h minus the number of died
individuals during time period h. b and d are per capita birth and death rates respectively (i.e., the
numbers of births and deaths per one individual per time unit respectively). From the last equality I
find

N(t+ h)−N(t)

h
= (b− d)N(t).

Next, I postulate the existence of the derivative

dN

dt
= lim

h→0

N(t+ h)−N(t)

h
,

assume for simplicity that both b and d are constant, and hence obtain an ordinary differential equation

dN

dt
= (b− d)N,

which is usually called in the biological context the Malthus equation (I will come back to Malthus).
This example shows at least two things: First, that ODE naturally arise when models of biological

systems are built; second, that ODE mathematical models are quite crude in the sense that to obtain
a mathematical model in the form of ODE I have to make very strong simplifying assumptions. As
this point I would not want to discuss the approximations I made by deriving the Malthus equation,
but it is a good moment to pause and to spend a few seconds on thinking how close actually our
mathematical model (the Malthus equation) describes the process I claim it models (the population
growth).
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0.2 Notation

In the first part of the course we deal with ODE. This subsection serves to fix the notation.

Definition 0.1. An ODE of the k-th order is the expression of the form

dkx

dtk
= f

(

t, x,
dx

dt
, . . . ,

dk−1x

dtk−1

)

. (0.1)

Here I use t for the independent variable and x for the dependent variable. A function ϕ is called a
solution to (0.1) on the interval I = (a, b) if this function k times continuously differentiable on I (this
is denoted usually as ϕ ∈ C(k)(I;R), in words: Function ϕ with the domain I and range R belongs to
the space of k times continuously differentiable functions) and after plugging this function into (0.1)
turns this equation into identity

dkϕ

dtk
(t) ≡ f

(

t, ϕ(t),
dϕ

dt
(t), . . . ,

dk−1ϕ

dtk−1
(t)

)

, t ∈ I.

For example, for the Malthus equation the function

N(t) = Ce(b−d)t

is a solution for any constant C ∈ R (check this) and for any interval I ⊆ R.
The order of an ODE is the order of the highest derivative. Hence the first order ODE is

dx

dt
= f(t, x). (0.2)

The solution formula to the Malthus equation actually gives infinitely many solution, and this is true
for most ODE: in a general situation the solution to an ODE depends on arbitrary constants, whose
number coincides with the order of the equation.

Exercise 1. Can you solve the following ODE:

d2x

dt2
+ λx = 0,

where λ is a parameter? Note that the solution depends on the sign of λ. In any case your solution
must depend on two arbitrary constants.

In the context of mathematical models it is meaningless to have infinitely many solutions (think
of a population growth: We cannot have infinitely many functions describing it). Therefore, we need
some additional conditions to choose the solution that is of interest for us. This is done with the help
of the initial conditions. The initial conditions for equation (0.1) take the form

x(t0) = x0,

dx

dt
(t0) = x1,

...

dk−1x

dtk−1
(t0) = xk−1,

(0.3)
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where x0, . . . xk−1 are given numbers, and notation dkx
dtk

(t0) means the k-th derivative of function x
evaluated at the point t0. Note that the number of the initial conditions is equal to the order of the
ODE.

Definition 0.2. ODE (0.1) plus the initial conditions (0.3) are called an initial value problem (ab-
breviated an IVP) or Cauchy’s problem.

For the Malthus equation I hence need only one initial condition (the population size at some time
moment t0). Check that if the initial condition N(t0) = N0, then the solution to the corresponding
Cauchy problem is given by

N(t) = N0e
(b−d)(t−t0).

Any ODE of the form (0.1) can be written as a system of k first-order equations. Moreover, writing
ODE as a system is theoretically the way how ODE should be treated. Hence I will usually write
ODE as first order systems. To rewrite (0.1) as a system, I introduce new variables

x1(t) = x(t), x2(t) =
dx

dt
(t), . . . , xk(t) =

dk−1x

dtk−1
(t).

Using these new variables I have

dx1
dt

= x2,

dx2
dt

= x3,

...

dxk
dt

= f(t, x1, x2, . . . , xk).

(0.4)

Note that the initial conditions for (0.4) become

x1(t0) = x1, . . . , xk(t0) = xk. (0.5)

From now on for the first order derivatives I am going to use Newton’s dot notation (which is
widely used in the classical mechanics):

ẋ :=
dx

dt
.

0.3 Solving ODE

Most of the time in your Math 266 course was devoted to finding analytical solutions to ODE. For
example, here is how you can find the solution to the Malthus equation, which I wrote above.

Example 0.3. Consider again the Malthus equation

Ṅ = mN, N(t0) = N0,

where I introduced new constant m := b− d. This equations is an example of a separable ODE of the
form

ẋ = f1(t)f2(x),
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when you can separate the variables. To solve the Malthus equation, I write

Ṅ = mN =⇒
∫

dN

N
=

∫

m dt =⇒ log |N | = mt+ C =⇒ N(t) = Cemt.

Here I used log to denote the natural logarithm, and C is an arbitrary constant, which can be different
from line to line. Using the initial condition, I find the soltion

N(t) = N0e
m(t−t0).

A word of caution is in order here, as the next example shows.

Example 0.4. Consider the following IVP:

ẋ = 4tx2, x(1) = 0.

The usual way the students solve this problem is as follows: They separate the variables

dx

x2
= 4t =⇒ −1

x
= 2t2 + C =⇒ x =

1

C − 2t2
.

Now they try to find the constant C such that

0 =
1

C − 2
.

And here problems start, since there is no such finite C. Can you figure out what the right way to
solve this problem?

Actually, I notice that while integrating this equation I divided by x2. This expression turns into
0 for x = 0. This means that x = 0 is a solution to our equation. Moreover, this solution satisfies the
given initial condition. Therefore, the answer to this problem is

x(t) = 0.

Anyway, I will not need much of this technique in our course. However, it is useful to remember
the basic methods of solving the first order ODE. It is also useful to know that most ODE cannot be
solved in terms of elementary functions and finite number of integrals of them (the only large class
of ODE that can be solved is the linear ODE with constant coefficients, and you studied this class of
ODE extensively in Math 266). For example, this innocently looking equation

ẋ = x2 − t

cannot be solved in terms of elementary function. Note that this does not mean that there is no
solution, it means that the usual repertoire of the polynomial, logarithmic, exponential, and trigono-
metric functions, and four arithmetic operations and integrals are not enough to write down a solution
to this equation (this deep result has the name Liouville’s theorem and studied in the Differentiable

algebra course). Therefore, we will need other means to solve ODE. What we will study most in this
course is the qualitative or geometric analysis of ODE. This means that we will study the properties
of solutions of ODE without actually having a formula for these solutions. Another useful approach
to solve ODE is the numerical methods. However, I will not discuss them in this course (look for a
Numerical analysis course).
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0.4 Well-posed problems. Theorem of existence and uniqueness

I consider ODE as mathematical models of some biological systems, and as such they should possess
some desirable properties. In particular, one such property is to be well-posed (do not think that if
a problem is ill posed, it is impossible to consider it as a mathematical model; actually, a good deal
of ill posed problems are of great interest in applications, but this does not belong to this course).
The notion of a well posed problem was introduced by the French mathematician Jacques Salomon
Hadamard.

A mathematical problem is well posed if

• Its solution exists.

• Its solution is unique.

• Its solution depends continuously on the initial data.

It turns our that the mathematical problems (0.1), (0.3) or (0.4), (0.5) are well posed. Here I
would like to provide the exact mathematical statements for the first order ODE.

Consider the following IVP for a first order ODE:

ẋ = f(t, x), x(t0) = x0. (0.6)

The following general result is usually discussed in Math 266 without proof.

Theorem 0.5. Consider the IVP (0.6) and assume that function f is continuous in t and continuously

differentiable in x for (t, x) ∈ (a, b)× (c, d) for some constants a, b, c, d, assume that (t0, x0) ∈ (a, b)×
(c, d). Then there exists an ε > 0 such that the solution ϕ to (0.6) exists and unique for t ∈ (t0 −
ε, t0 + ε).

Note that Theorem 0.5 is local, i.e., it guarantees that the solution exists and unique on some in
general smaller interval (t0 − ε, t0 + ε) ⊆ (a, b). This is important because solutions to ODE can blow

up, i.e., approach infinity for a finite t.

Example 0.6. Consider the ODE
ẋ = 1 + x2 = f(t, x).

The right-hand side is a polynomial for any (t, x) ∈ R×R. Its solution is given by (check this)

x(t) = tan(t+ C),

and hence for each fixed C is defined only on the interval (−π/2 − C, π/2 − C) (you should sketch
several solutions).

Here is an example how non-uniqueness can appear.

Example 0.7. Consider
ẋ =

√
x, x(0) = x0, x ≥ 0.

One solution is given, as can be found by the separation of variables, as

x(t) = (t+ 2
√
x0)

2/4.

On the other hand, if x0 = 0 then there is a solution which is identically zero for any t. Therefore
through the point (t0, x0) = (0, 0) more than one solution passes (actually infinitely many).
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To formulate the result on the dependence on the initial conditions consider, together with (0.6),
the IVP

ẋ = f(t, x), x(t0) = x1. (0.7)

Theorem 0.8. Let the IVP (0.6) and (0.7) satisfy the conditions of Theorem 0.5, and x0(t) and x1(t)
be the solutions to (0.6) and (0.7) respectively at the same time t. Then

|x1(t)− x0(t)| ≤ |x1 − x0|eL|t−t0|,

where L is a constant that depends on f .

Theorem 0.8 shows that the solution to a first order ODE depends continuously on the initial
condition. This means that if the initial condition is known only approximately, I still can rely on the
solution of the IVP as an approximation of the unknown solution.

0.5 Geometric interpretation of the first order ODE

First order ODE
ẋ = f(t, x)

has a very useful and transparent geometric interpretation. Recall that the derivative of a function at
a given point gives the slope of the tangent line to the graph of this function. Since at the right hand
side of the first order ODE I have the value of the derivative ẋ at the point (t, x), hence I know the
slope at this particular point, and hence I also know the slope at any point at which f(t, x) is defined.
I can depict these slopes as small line segments at each point. All together these line segments form
a direction (or slope) field. Consider a curve that is tangent to a given slope field at every point and
call it an integral curve. The following theorem connects the integral curves of the direction field f
and the solutions to the ODE ẋ = f(t, x).

Theorem 0.9. The graphs of the solutions to the first order ODE are the integral curves of the

corresponding direction field.

Exercise 2. Prove the last theorem.

Now using this geometric interpretation I can say that to solve the IVP (0.6) it (geometrically)
means to find an integral curve belonging to the corresponding direction field, which passes through the
point (t0, x0). Theorem 0.5 now can be restated in the following way: Through each point (t0, x0) ∈ U ,
where U is the domain in which f is continuous in t and continuously differentiable in x, passes one
and one one integral curve.

Example 0.10. Consider the ODE
ẋ = x2 − t.

Its direction field is shown in Figure 1. The green curves represent the integral curves, i.e., the graphs
of the solution to the ODE. Can you figure out how you can draw the direction field without, say, a
computer?
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Figure 1: The direction field of ẋ = x2 − t. The green curves are the integral curves
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